Aft fan noise radiating from a lined bypass exhaust duct with lined afterbody is modelled in a way that allows an analytical solution of generalised Wiener-Hopf type. A preliminary set of numerically evaluated examples, based on the experiments by Tester at al. seem to confirm their conclusions that the beneficial effect of a lined afterbody is mainly found without mean flow.
Very often a superficially innocent looking change of the model requires a complete re-derivation of the solution. For example, the related generalised Wiener-Hopf solution of the configuration with a centerbody that is finite is more difficult (when the inner duct exhaust plane is buried inside the outer duct [11] ) or very much more difficult (when the inner exhaust plane is protruding outside the outer duct [12] ). Even if the original method is generic, the details may be too different.
Also in present problem, although only a little different from [4] , involves a solution procedure that is much more complicated. Again, Idemen's method [13] [14] [15] of "weak factorisation" is applied, but now the Fourier transformed boundary value problem leads to a 3 × 3 matrix Wiener-Hopf equation. This matrix equation system is decoupled by the introduction of an infinite sum of poles. The uncoupled scalar equations are solved independently by a standard application of analytical continuation. The final solution includes unknown coefficients which are determined by solving an infinite linear algebraic system numerically. The contribution of the instability wave is separated from the rest of the solution. The asymptotic far field is found by a standard application of the steepest descent method.
We end with some practical examples, based on the data of the experiments of [2] , showing the potentials of the present model. A more extended scan through the possible parameter values is planned for the future.
To a large extent we follow the lines of [4] , but at certain points the analysis differs in a non-trivial way, so we will present the derivation with details.
II. Analysis

A. Formulation of the mathematical problem
A geometry is considered which consists of a semi-infinite outer duct and a doubly infinite center body. Duct walls are assumed to be infinitely thin and they occupy the region {r = R h , −∞ < z < ∞} ∪ {r = R d , −∞ < z < 0} in circular cylindrical coordinate system (r, θ, z). The outer duct wall is rigid from outside and lined from inside while the center-body is assumed hard inside the outer duct and soft outside the outer duct. The liner impedances are denoted by Z d (duct) and Z h (afterbody). In the region r > R d , the ambient flow is uniform and axial with density ρ 0 , velocity U 0 and speed of sound c 0 . In inner region R h < r < R d , there exists a jet which is also uniform and axial with density ρ j , velocity U j and speed of sound c j . A vortex sheet separates these two different flow at the surface z > 0, r = R d . All quantities are made dimensionless by the outer duct radius and ambient flow properties
The velocity potential φ, with v = ∇φ, is used to obtain the acoustic pressure p, velocity v and density ρ via the Figure 1 . Geometry of the problem.
following equations [4] 
From the symmetry of the geometry and the incident wave, the diffracted field will remain with the same azimuthal and time dependencies as the incident wave. It is convenient to write the total field in different regions as:
where ω is the dimensionless angular frequency (Helmholtz number) and m is the circumferential order. Time dependency and the azimuthal dependency are taken proportional to e iωt and e −imθ , respectively, and suppressed throughout this paper. The incident field is the mode
Here A mn is the amplitude of the incoming wave (which will be taken unity in the analysis) and mn is a linear combination of Bessel functions which satisfy the boundary conditions on the hard and soft wall:
where
Scaled axial wavenumbers µ ± mn are the roots of the equation
The signs (+) and (−) indicate right and left running modes, respectively. Axial wave numbers ωµ ± mn are defined as
where Im µ + mn ≤ 0 and Im µ − mn ≥ 0.
B. Derivation of the Wiener-Hopf System
The unknown velocity potentials ψ 1 (r, z) and ψ 2 (r, z) satisfy the convected wave equations
A solution to these equations can be found via Fourier transformation along z, such that
where L is a suitable inverse Fourier transform integration contour along or near the real axis in the complex u-domain (see [4] ). J m and Y m are the Bessel and Neumann functions of order m, H
(2) m = J m − iY m is the Hankel function of the second type. λ 0 and λ 1 are square root functions which are defined as
Branch cuts for λ 0 are taken on the line from 1/(1 + M 0 ) to +∞ and from −∞ to −1/(1 − M 0 ). Similarly for λ 1 branch cuts start from As usual in this kind of Wiener-Hopf problems, the analysis will be facilitated by giving frequency ω a small negative imaginary part, written as ω = |ω| e −iδ . This will lead to an infinite strip S in the complex u-plane through the origin, inclined under an angle δ, and just small enough to fit between the branch cuts of λ 0 and λ 1 , along which the Wiener-Hopf equation will be formulated. Eventually δ → 0 and strip S will merge into the real axis.
Equations for the unknown spectral coefficients A(u), B(u) and C(u) will be obtained below from boundary conditions and relations of continuity.
The outer side of the outer duct wall is rigid, so that
The Ingard-Myers boundary condition [16, 17] along the lined inside part of the outer duct wall can be written as
The same condition along the lined afterbody can be written as
The inner duct wall inside the duct is rigid, so that
The pressure is continuous across the vortex sheet along r = 1, downstream the trailing edge at z = 0, so
By defining the complex radial displacement of the vortex sheet by r = 1 + ξ(z) e iωt−imθ , we obtain
which implies the condition of continuity of particle displacement. In addition to these boundary conditions and continuity relations, we assume that the field radiates outward to infinity and does not reflect backward. A generalized Kutta condition, defining via a parameter the amount of vorticity shed from the cylinder trailing edge, is also imposed at the edge of the cylinder. The full Kutta condition = 1 implies that the pressure is finite at the edge, and the velocity potential is finite and behaves, similar to the vortex sheet displacement, like
We introduce the half-plane analytical functions ± 1 , F ± , G ±
During the course of analysis we will use the fact that the behaviour of a function H + (u) = Application of the boundary conditions on r = h and r = 1 gives
A(u), B(u) and C(u) may be eliminated as follows
leading to
and note the following Wronskian-type relations
Then equation (18a) can be recast into
+ can be eliminated from equation (18b), leading to
By eliminating + and G + we find finally from equation (18c)
These are the three coupled Wiener-Hopf equations to be solved.
Note
We note in passing that we can eliminate G + from equations (21a) and (21b) to obtain
For a hard-walled duct, F − (u) and mn (1) vanish, and the expression is equivalent to (28a) and (28b) of [4] . In the present problem on the other hand, the presence of F − apparently prohibits finding a split of the equations in the way done in [4] , and we have to retain the set of 3 equations.
C. Factorisation of the kernels
The crucial step in the Wiener-Hopf method is to split the kernel functions N , L and K as a ratio of two functions analytic in the upper and lower half complex u-plane,
For the meromorphic functions N and L this is relatively easy. For K some care is required because of a physical argument with respect to an instability pole u = u 0 . By taking a closed contour withing the strip (see [5, 19] ) and using Cauchy's theorem, N ± and L ± can be evaluated in the classical way by the following integrals [18] 
When δ is taken to zero, the contours C ± coincide with the real axis at the respective sides of the branch cuts of λ 0 and λ 1 .
The behaviour for |u| → ∞ is given by
In the same way as presented in [19] , the zero u = u 0 of K (u), found in the complex upper half plane, but being associated to the right-running Helmholtz instability of the vortex sheet really belonging to the the lower half plane, is brought to the "other side" by producing regular split functionsK + andK − and then keeping
The role of u 0 is very important for the application of the Kutta condition (see [4] ). 
D. Wiener-Hopf Solution by Weak Factorisation
Multiplying equation (21a) by 1/N + (u) and subtracting from both sides the pole in u = µ + mn yields
Multiplying equation (21b) by L − (u) and noting that the poles in u = µ + mn cancel out, we obtain
Multiplying equation (21c) by K − (u) and again noting that the poles in u = µ + mn cancel out, we get
Our goal is that the Wiener-Hopf equations (21a,21b,21c) are rewritten in such a way that we have on the left hand side a function that is analytic in the upper half u-plane, and on the right hand side analytic in the lower half u-plane, while both half planes have a strip in common as long as δ > 0. This is almost but not yet achieved by the equations (24a,24b,24c). Take for example equation (24a). The right-hand side is analytic on the lower half-plane but the analyticity of the left hand side is violated by the zeros u = σ − mp of the denominator at the upper half-plane, given by
The method of Weak Factorization involves subtracting the residue contributions from these poles, such that the left hand side becomes analytic in the upper half plane, as follows
From Liouville's theorem it follows that the left and right hand sides define the same analytic function. Anticipating smooth enough behaviour at z = 0 this function is zero, leading to
.
(25d)
Next we consider equation (24b). Here, the analyticity is violated by the zeros u = σ + mp in the upper, and u = κ − mp in the lower half plane, given by
(Note that λ 1 = 0 is not among the poles.) By subtracting the respective poles on both sides, we obtain again expressions, regular in upper and lower plane:
and use is made of the relation
Finally we consider equation (24c). Here, the analyticity is violated by the zeros u = κ + mp in the upper half plane, given by
Again, we subtract the residue contributions to obtain
From Liouville's theorem it follows that the left and right hand sides define the same analytic function. From estimates K + ∼ u 3/2 in combination with F + ∼ u −1/2 , without Kutta condition, and F + ∼ u −3/2 , with Kutta condition, it transpires that this analytic function is in general a constant, say E, which is zero with Kutta condition or maximum vortex shedding. Noting, furthermore, that without vortex shedding no instability is excited, while F + does not and K + does have a pole in u = u 0 , we write the constant in the form E = (1 − )E 0 , with
such that = 0 correspond to no vortex shedding and no pole in u 0 , while = 1 corresponds to a full Kutta condition. This results in a solution of the form
This determines the auxiliary function F + (u), necessary for the radiated field, and is therefore the main result of this section.
For completeness, we give, from the right-hand side of (27a) also being equal to (1 − )E 0 , the relation
This, however, will not be used here further. E. Determining the coefficients a ± mp and c ± mp As the coefficient a + mp is expressed in the unknown
, the solution is not yet known until we have found these coefficients. This, fortunately, is a relatively easy task, since we can set up an infinite system of linear equations by evaluating the pertaining equations at the respective values of u that allows elimination of the unknowns.
From expression (25b) for a + mr , (26d) for G − (σ − mr ), and using the fact that the factor of F + (σ − mr ) vanishes, we obtain for r = 1, 2, . . .
From expression (26c) for a − mr , (25d) for − (σ + mr ), we obtain for r = 1, 2, . . .
(28b)
From expression (26b) for c + mr , (27c) for F + (κ − mr ), we obtain for r = 1, 2, . . .
From expressions (27b) for c − mr , (26e) for F − (κ + mr ) and − (κ + mr ), and the definition of κ + mr , we obtain for r = 1, 2, . . .
The infinite sums in the equations converge very rapidly so they can be truncated quickly.
III. Far Field
From (10b) with (17b) and (17c), the pressure in the ambient mean flow can be expressed as the following integral
where L is the inverse Fourier transform contour. For the far field (ω √ r 2 + z 2 1) we can use the asymptotic formula for the Hankel function
and replace H
m (λ 0 ωr ) in (29) to get
After transforming the free variables
leading to λ 0 ω = sin(ζ − iτ ) and an integration contour L deformed into a branch of a hyperbolaL (taking account of possible captured pole contributions), we can evaluate the integral by the method of steepest descent (or, which is equivalent here, stationary phase)
plus in a downtream arc the contribution from the pole in u 0 , i.e., the Helmholtz instability. This instability, however, will be further ignored here as in physical reality it will diffuse away. (Note that its acoustic relevance, in the form of its scattering at the trailing edge, is included.) The major contribution to the integral comes from the vicinity of τ = 0, Hence the solution in the far field can be approximated by
After converting the coordinate variables to the regular physical polar coordinates
such that
where pressure field directivity D p is given by
What remains is the numerical calculation of F + of (27c).
IV. Numerical evaluation
Since log(N (u)), log(L(u)), log(K (u)) ∼ ± log |u| for |u| → ∞, the integrals (23) for the split functions do not converge normally at infinity, and we have to convert it into a Cauchy Principle Value integral [18, p.42]. We take the limit symmetrically around a suitable real number between the branch points of λ 0 and λ 1 that separates the right and left running modes (this is not always possible, in which case the contribution of the missed poles have to be added as residues; see [7, 8] ). Without going into every detail, we obtain typically a contour as depicted in figure 5 . More details can be found in [19, 20] . An important point to be checked is whether anywhere along the contour K (u) crosses the branch cut of the logarithm function, normally chosen along the negative real axis. In such a case the integrand is not analytic and the split integral is invalid. 
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In the following sets of cases the effect of adding a lined afterbody to a hard-walled duct and a lined duct, with and without flow is considered. Note that it is not possible to compare the radiation of the hard-walled duct with the lined duct, because the location of the source, and hence the attained damping, is unknown. Therefore, we will only compare the adding of the afterbody liner with a reference situation of a hard-walled duct and with another reference situation of the lined duct.
A. Frequency f 1
The 1st set, given in figure 6 , shows the field of the first radial m = 0-mode for a relatively low frequency and a relatively high impedance. The 2nd set, given in figure 7 , shows the corresponding first radial m = 1-mode. Adding the afterbody liner gives only a slight reduction in all cases. This is probably due to the high impedance used.
B. Frequency f 5
The 3d set, given in figure 8 , shows the field of the first radial m = 0-mode for a higher frequency and a moderate impedance. The 4th set, given in figure 9 , shows the corresponding first radial m = 5-mode. Adding the afterbody liner gives a considerable reduction in the downstream arc without flow, which broadly agrees with the findings of [2] . With flow this reduction is much less.
C. Frequency f 6
The 5th and 6th sets, given in figures 10 and 11, show the fields of the first and second radial m = 6-modes for a rather higher frequency and a moderate impedance. Again, adding the afterbody liner gives by and large a reasonable reduction in the downstream arc without flow, while with flow this reduction is much less, and only in the upstream arc.
VI. Conclusions
Experimental evidence for the no-flow configuration by Tester et al. [1, 2] showed that a lined afterbody could have an overall beneficial effect on the radiation field from an exhaust duct by as much as 1 to 4 dB. The presence of mean flow however, addressed by numerical simulation in [3] , seemed to limit this reduction.
In order to produce a complementary, fully exact, solution of Wiener-Hopf type that could (in principle) compare these cases, we developed the present model of sound radiation from a semi-infinite duct, with jet flow and co-flow while the duct is lined on the inside of the outer wall, and a doubly infinite hub that is lined on the part outside the duct.
The Wiener-Hopf solution for this kind of problems is non-standard and quite formidable, because the usual factorisation is not possible, and we have to resort to the so-called weak factorisation method.
The formal solution has been implemented numerically, and the results obtained showed (for the limited number 
